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^ . 1. Introduction. Notations. Statement of problem. 

oo ■ 

^ ' Firs of all we recall the classical Nikol'skii inequality: there exist a values 

g_, g+, 1 < p_ < p+ < g_ < g+ < cxD, such that for all the values 
^ ■ p G q E iq^,q+) the following inequality holds: 

\tn\q C (7 ^ ^ l^nlp; (1) 

and automatically 1 < p < q < oo. 

Here t„ G A{n)., where A{n) is the (sub)space of trigonometrical or algebraic 
polynomial from several variables defined on the sets T = [— tt, tt]', T = [0, 1]' 
with general degree < n, = 1, 2, 3, . . . , or entire function of exponential type 
< n, n E [1, oo) defined on the set R\ a = cr{n) is some increasing function; as a 
rule a = Ci rC , 7 > 0. 

Recall that the entire exponential function tn{x), x E R^ oi finite type order < n 
may be defined as follows: 

tn{x) = [ exp(ixO g{0 d^, 9i-) e L2{R^). 

J [~n,nY 

Hereafter C, Cj will denote any non-essential finite positive constants. As usually, 
for the measurable function f : T ^ R, where (T, M, /i) is a measurable space with 
non-trivial sigma- finite measure /i. 
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,(T,^x)^\f\M^\f\,^ \[ \f(x)\P ix{dx) 

UT 



1/p 

, p<oo, 



Lp(T,fi) = Lp{n) = {/ : l/lp < oo}; m will denote usually Lebesque measure, and 

we will write m{dx) = dx; \f\oo =^ sup^, 

There are many generalizations of inequality (1) on the case if T is convex polytop 
in the space i?', ( [2], [35], [36], [39]); "weight" Nikol'skii inequalities for polynomials 
defined on the set [—1, 1] with Jakobi weight; for polynomial defined on the set 
with exponential weight w — w{x) of a view w{x) — 



exp y-\x\ j , 9 > 0, |a;| = \ {xi, X2,...,xi)\ = \J xj + x^ + ■ ■ ■ + Xi, 
see [39], [40], [41] etc. 

There exists a general definition of the Nikolskii cleiss {A{n)} over measurable 
triple (T, M, /i) with some function a — a{n) see [2] , where the inequality (1) is 
postulated under some increasing sequence (function) a — a{n) such that 

lim (r(n) = oo, a(n) > 3. 

In this definition instead the subspace of trigonometrical or algebraical polyno- 
mials with common degree < n used some monotonically decreased sequence (or 
set) A{n) of linear subspaces of a space 

L(P-,(1+) = ^pe{p-,q+)Lp(lJ'); m>n ^ 

A{n) C A{m); Vn A{n) C L(p_,g+). 

Further we will consider only the triples {T, M, jj) with some (non-trivial) 
Nikolskii class A{n). 

The Nikolskii inequality play a very important role in the theory of approxima- 
tion, theory of function of several variables, functional analysis (imbedding theorems 
for Besov spaces). See, for example, [4], [2], [35] etc. 

The inequality (1) may be rewritten as follows. Let (X, || ■ ||X) be any rear- 
rangement invariant (r.i.) space on the set T; denote by 0(X, 8) its fundamental 
function 

(t){X, 5) = sup I \I{A) I \X, I{A) = I{A, x)^l,xeA, 

A,n{A)<S 

I{A) = I{A,x) =0, X ^ A. We define also for two function r.i. spaces (X, || ■ ||X) 
and (F, || • ||) over our set T and for arbitrary finite positive constants Ki, K2 
the so-called Nikol'skii two-space functional, briefly: NF functional 
between the spaces X and Y 

Wr,{X,Y,K,,K,)'ii sup "^""^ ■ "^""^ 



t^^o,:eAin)<P{X,K,/a) ' ^(F,;^^/^)' 
Wn{X, Y) = Wn{X, Y, 1, 1). Then (1) is equivalent to the following inequality: 



2 



P e ? e =^ SUpWn(Lg,Lp) < OO). 

n 



(2) 



Definition 1. 

By definition, the pair of r.i. spaces {X, \ \ ■ \ \X) and (y, || • ||) over 
SOME FIXED Nikol'skii CLASS IS SAID TO BE A (strong) Nikol'skii pair, WRITE: 
(X, Y) e Nik, IF THE NF FUNCTIONAL BETWEEN X AND F IS FINITE: 

supW^„(X,r) < OO, (3) 

n 

AND IS CALLED A weak NikoVskH pair, write {X,Y) e wNik, IF FOR some 

NON- TRIVIAL CONSTANTS Ki, K2 

supWniX,Y,Kr,K2)<oo, (4) 

n 

Our aim is description some pair of r.i. spaces with strong and weak 
Nikol'skii properties. 

Roughly speaking, we will prove that the most of popular pairs of r.i. spaces are 
strong, or at last weak Nikol'skii pairs. 

The paper is organized as follows. In the next section we introduce and investi- 
gate a new class of r.i. spaces, so-called moment rearrangement invariant spaces, 
briefly, m.r.i. spaces. In the section 3 we formulate and prove the main result of 
paper for m.r.i. spaces. 

In the pilcrow 4 we consider some examples in order to show the exactness of 
obtained estimations and investigate the low bounds in our inequalities. In the 
section 5 we will receive the Nikolskii inequality for (generalized) Zygmynd spaces. 

In the last section 6 we investigate the inverse Nikolskii inequality for Lorentzs 
spaces in order to emphasize the precision of obtained results. 

2. Auxiliary facts. Moment rearrangement spaces. 

Let (X, II • ||X) be a r.i. space, where X is linear subset on the space of all 
measurable function T ^ R over our measurable space {T,M,ii) with norm || • ||X 
equipped with Nilol'skii class A{n). 

Definition 2. 

We WILL SAY THAT THE SPACE X WITH THE NORM || • ||X IS moment rear- 
rangement invariant space, briefly: m.r.i. space, or X = {X, \ \ ■ \ \X) e m.r.i., 
IF THERE EXIST A REAL CONSTANTS a, 6;l<a<6<oo, AND SOME rearrange- 
ment invariant norm < ■ > defined on the space of a real functions 

DEFINED ON THE INTERVAL (a, 6), NON NECESSARY TO BE FINITE ON ALL THE 
FUNCTIONS, SUCH THAT 

v/ex ^||/||x=< h{-) >, Mp) = I/Ip- (5) 
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We will say that the space X with the norm || • ||X is weak moment 
rearrangement space, briefly, w.m.r.i. space, or X = (X, || • ||X) G w.m.r.i., 
IF there exist a constants a, 6; 1 < a < 6 < cx), and some functional F, 
defined on the space of a real functions defined on the interval 
{a,b), non necessary to be finite on all the functions, such that 

yfex ^\\f\\x^F{hi-)), Mp) = I/Ip- (6) 

We will write for considered w.m.r.i. and m.r.i. spaces {X, \ \ • \ \X) 

{a,b) supp{X), 

(moment support; not necessary to be uniquely defined) and define for other such a 
space F = (F, 1 1 • | |F) with (c, d) = supp{Y) 

supp{X) » supp{Y), 

iff min(a, b) > max(c, d). 

It is obvious that arbitrary m.r.i. space is r.i. space. 

There are many r.i. spaces satisfied the condition (5): exponential Orlicz's 

spaces, some Martzinkiewitz spaces, interpolation spaces (see [14], [42]). 

In the article [13] arc introduced the so-called G{p, a) spaces consisted on all the 
measurable function f : T ^ R with finite norm 

ll/IUa = 

where is some Borelian measure. 

Astashkin in [42] proved that the space G{p, a) in the case T — [0, 1] and u — m 
coincides with the Lorentz Ap(log^'~^"(2/s)) space. Therefore, both this spaces are 
m.r.i. spaces. 

Another examples. Recently (sec [5], [7], [43], [18], [27] - [29], [31] - [34] etc.) 
appears the so-called Grand Lebesque Spaces GLS = G{ip) = G{ip; a, b) spaces 
consisting on all the measurable functions f : T ^ R with finite norms 

\\f\m)= sup [I/IpMp)]. (7) 

pg(a,&) 

Here is some continuous positive on the open interval (a, b) function such 
that 

inf ip{p) > 0, sup ip(p) — oo. 

pe(a,fe) pe{a,b) 

It is evident that G{ip;a,b) is m.r.i. space and supp{G{'ip{a,b)) = (a, 6). 

This spaces are used, for example, in the theory of probability [5], [7], [8], [9], 
[10]; theory of PDE [27], [28], functional analysis [23], [43], theory of Fourier series, 
theory of martingales etc. 
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The spaces G{ijj, a, b) are non-separable [43], but they satisfy the Fatou property. 
As long as its Boyds indices (see for detail definition [1, chapter 1] ) 7_,7+ are 
correspondingly 

7- = 1/^, 7+ = 

(see [43]), we conclude on the basis the main result of article [14] that the spaces 
G('^; a, h) are interpolation spaces not only between the spaces [Li, Lqo] but between 
the spaces \Ly^ for all values (f , s); f < a, s > b. 

Since for arbitrary real- valued continuous function / defined on the set [0, 1] 

||/||qO,l]= sup |/(t)|= lim sup I 1/1,1, 

te[o,i] ^ °° pe[i,oo) 

the space C[0, 1] is m.r.i. space with supp{C[0,l\) — [l,oo) or equally, e.g., 
supp{C[0,l]) = [3,oo). 

But all the Besov's spaces ^{T) are w. m.r.i., but not are m.r.i. spaces. 

Let us consider now the (generalized) Zygmund's spaces Lp Log^L, which may 
be defined as an Orlicz's spaces over some subset of the space i?' with non-empty 
interior and with N— Orliczs function of a view 

$(m) = I'ul^' log''(C + \u\), p>l, r ^ 0. 

Lemma 1. 

1. All the spaces Lp Log^L over real line with measure m with condition r ^ are 
not m.r.i. spaces. 

2. If r is positive and integer, then the spaces LpLog^L are w. m.r.i. space. 
Proof. 1. It is sufficient to consider the case T = with the measure m and the 
case p> 1. 

There exists a function /o = fo{x) belonging to the space Lp Log^L : 

j^\fo\^ \og'{C+\fo\)dx<^, 
but such that for all sufficiently small values e > 

^ l/ol^^^ dx^oo 

in the case p> 1 and 
In the case p—1. 

Therefore, the interval (a, h) in the definition of m.r.i. spaces does not exists. 
The assertion 2 it follows from the formulae 

i/r [\og\f\f = d'\f\^/dp\ fc = i,2,.... 

Lemma 2. There exists an r.i. space without the w. m.r.i. property. 
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Proof. On the interval T — [0, 1] with usual Lebesque measure m there exists a 
function / with standard normal (Gaussian) distribution. This implies, for example, 
that 

j exp(p/(x)) dx — exp {Q.b p^^ , p ^ R. 

There exist a functions g : R ^ R such that the function h{x) = g{f{x)) 
which distribution can not be uniquely defined by means of all positive moments, 
for instance, h{x) = g{f{x)) = [f{x)]'^ or g{x) = exp(/(x)). 

Let us consider a two such a functions fi and /2 with different distributions, but 
with at the same moments, for example: 

I l/ir dx = W dx = y^[exp(/)]f dx = exp(pV2), p e R. 

Wc choose the (quasi)-concave positive strictly increasing continuous function 
^(.), ^(0+) = 0, for which 

/ e(m{x : |/i(a;)| > A}) dX^oo, 
Jo 

but 

/ e(m{x : 1/2(0;) I > A}) dX < 00. 
Jo 

The Lorentz r.i. space A(T, 6) over T — [0, 1] with the function 9{-) and the classical 
norm (see [30], chapter 2, section 2) 

POO 

\\f\\L{T,9)= / 9{m{x: \f{x)\>X})dX 
Jo 

is not w.m.r.i. space. 

3. Main result. Nikolskii inequality for the pairs of m.r.i. spaces. 



Theorem 1. 

Let {X, II • ||X) be any m.r.i. space with support supp{X) — {c,d) relatively the 
auxiliary norm < ■ >, and let {Y,\ \ ■ \ \Y) be another m.r.i. space over at the same 
triple {T,M,ij,) relatively the second auxiliary norm << ■ » and with supp{Y) — 
(a, b), where (c, d) » (a, b) and suppose 1 < p_ = a, p^ = b; q_ = c, = d < 00. 

Then the pair of m.r.i. spaces {X, || • jj-'^) and (y, || • ||y) is the (strong) Nikolskii 
pair: 

sup W{X, Y) = C{X, Y) < 00. (8) 

n 

Note that the restriction 

1 < P- = a, p+ = b; Q- = c, g+ = d < 00 

is not loss of generality and is necessary for the cases if A(n) is the set of trigono- 
metrical or algebraical polynomials. 
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Proof is very simple. It follows from the definition of Nikolskii Class A{n) that 
for arbitrary non-zero element of A{n) : tn £ A{n) 

''"'^ <CjMu-.^ (9) 



(1/(7) VP - ^(l/a)V9' 

g e (c, rf), p e (a, 6). Taking from the bide-sides of the inequality (9) the norm 
<< • >> and taking into account the monotonocity of the norm << • >> and the 
equality 

« »= \\I^A)\\Y = M^) = 5, 

where S = 1/a, we obtain: 

\tnU (l>{Y,l/(7)<C\\tn\\Y/a'/''. 
Calculate from the bide-side the norm < ■ >, we find analogously 

■<P{Y,l/a)<C\\t„\\Y ■<P{X,l/a), 

wich is equivalent to (8). 

4. Examples. Low bounds. 

1. We consider now a very important for applications examples of G{ip) spaces. 
Let a = const > l,b = const G {a, oo]; a, j3 = const. Assume also that at 6 < 
oo mm{a,P) > and denote by h the (unique) root of equation 

(h - a)" = {b- hf, a<h<b; C{p) = ({a, b; a, (5- p) = 

ip-aT, pe {a,hy, C{a,b;a,p;p) ^ {b-pf, pe [h,by, 

and in the case b = oo assume that a > 0, /3 < 0; denote by h the (unique) root of 
equation {h — a)" = h^, h > a; define in this case 

C(p) = Cia,b;a,(3;p) = (p-a)", pE {a,hy, p>h ^ C{p) = /• 
Here and further p e (a, b) =^ ipip) ^ ^ip) denotes that 

< inf ipip)/i'{p) < sup ip{p)/i^ip) < oo. 

The space G — — {a,b;a,l3) = G{a,b; a, j3) consists by definition on all 
the measurable functions f : T ^ R with finite norm: 

\\f\\G{a,b;a,P)^ sup • C(p)- 

pe{a,b) 

On the other words, G{a, b; a, /?) is the G(V'; a, b) space with ■0(p) = l/({p). 
These spaces was introduced in [5], [43]; and in this article was also calculated 
its fundamental functions. 
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We rewrite here only the asymptotical expression for (l){G{a, b; a, P), 5) as 5 — > 
0+ : 

<P{G{a,b;ai,(3i),6) - (A^Vef ^ • ^^/''^ | log^j"^- 

l<a<6<c<oo; ai, a2, f^i, ^2 £ (0, 00). We obtain using the theorem 1: if 
tn e A{n), then 

I \tn\ |G(c, 00, 0:2, -P2) < C(q;i, 0:2, (32, a, 6, c) x 
(logn)-^!-'^^ ||i„||G'(a,6,Q;i,/3i). 

Let now X = G{ai,bi,ai, Pi), Y = G{a2,b2,a2, P2), where 1 < 02 < &2 < < 
61 < 00. We conclude on the basis of Theorem 1 and the expression for (f){G{ip), 6) 
written above: i„ e -Aln), n > 3 =^ 

\\tn\\G{aubuauPi)<Ci n^/^^-V^^ [log nf^-^' \\tn\\G{a2,b2,a2, P2), 

where 

Ci = Gi{ai,a2,bi,b2,ai,a2,Pi,p2)- 

2. In this subsections we will construct some examples in order to illustrate the 
exactness of result of section 3. 

We consider here only the one-dimensional case I — 1 and only the trigonomet- 
rical case, i.e. T — [— tt, tt] and A{ri) is the collection of trigonometrical polynomials 
with degree < n (discrete case) or T — R and A(n) is the set of all entire functions 
of order < n\n E [3, 00) (continuous case). 

Theorem 2. Let G{ip) and Giv) be two arbitrary examples of G{ip) spaces. 
We assert that 

Mkn-^oo sup WniG{iP),G{u))^C>0. (10) 
Note that we do not suppose here 

supp G{ip) >> supp G{y). 
Proof. Let us consider the following functions: 

Dn{x) = ^ ^ 0; i?„(0) = 1/4 

in the continuous case, i.e. T = R and 



Dn{x)- f'y/oV ^^O; ^n(0) = l 

sm (x/2j 
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in the discrete case T — [— 7r,7r] (renormed Fejer's kernels). It is well-known that 
£>„(•) e^(n). 

We restrict itself only by continuous case. Let us calculate all the moments of 
Dn- We have: 



\DJx)? dx 



f 



sin(n x/2) 



n X 



2p 



dx 



n 



-1 2^ - 2p 



J — < 



where 





2p 




siny 


dy = 




y 






-'I 


oo 


siny 




-oo 


y 



dy^n-^ 2^ - 2f I{2p), 



dy, 



and s G [2, oo). 

It is evident that at s G [2, 10] /(s) x Ci. It follows from the saddle-point (or 
Laplace) method that as s — > oo =r- 



I{s) 



C_ 



Since 



1 = lim s^/* < sups^/* = e^^^ < oo, 

we conclude that there exist two finite absolute positive constants {C-,C~^), C- < 
C"*", such that for all values n > 1 and p > 1 



We receive calculating the G(V') norm of a function -Dn(-) '■ 

\\D„\\G{iP) = sup [\DXmp)] > C_ sup \n-'/P /ip{p) 
p>i p 



and we find analogously 



\\D^\\G{,p) < C+ 0(G(^),l/n). 
We have therefore for two spaces G{ip) and G{u) : 

Wn{G{ij),G{u)) > C./C+ =^ C3, 

Q.E.D. 

CoroIlEiry. A rouge estimation for the constant C3 show that C3 > 1/9. But 
in the source Nikolskii inequality (1) the exact value C is equal to 2. 
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Considering instead -Dn(-) a niore general function D^'^{-) e A(ri) of a view, for 
example, 

/■n 
exp(^te) [{l-{\t\/nrf dt, 
-n 

where a, 13 = const > 0, we get after the optimization over a, by means of comput- 
er computations that in the considered before trigonometrical and one-dimensional 

case 

1.4713 . . . < lim„_,^iy„(G'(V'), G{u)) < 
su^Wn{G{i^),G{v))<2. 

n 

3. Now we intend to generalize the low estimation on the Orlicz's space L{<^), 
where $(■) is some Orlicz's function, i.e. even, twice continuous differentiable, con- 
vex, lim„_>o$(ti)/ti = 0, limu_»oo ^{u)/u — oo etc. 

Recall that the Orhcz's norm of a function f : T ^ R may be calculated by 
equality: 



mm = 1^1 



l + lT^vf{x)) dx 



or up to norm equivalence 

||/||L($) = inf : ^; > j^^{\f{x\/v)dx < l| , 

see [19], [20], [21], [24]. 

Theorem 3. Let $2(-) be a two Orlicz's functions such that for some 

m = 1, 2, 3, . . . and all the values v >1 

/oo 
^i{v/y^^)dy<^,{C^v), 1 = 1,2. (11) 

Then there exist a two positive finite constants Ki, K2, = Ki^2,3{^i,^2,T) 
such that for Nikolskii functional Wn{L{^i), L($2)) there holds: 

IMn^ooWniLi^l), L{^2), K,, K,) > K,. (12) 

Note that the condition (11) is satisfies in the cases if $(-u) = S'(|-u|), N{u) = 

cxp(|n|^S'('u)), u > 2, where S{u) is positive slowly varying as -u ^ oo function (see 
for definition and properties of slowly varying functions [26], chapter 1, sections 1.3 
- 1.5.) 

Proof. It is enough to consider only the case I = 1 and T = R. Let us choose 
the introduced function Dn{x). 

In order to estimate the Orlicz's ||Dn||L($), $ = $1^2 norm of the function 
we need to estimate the following integral: 
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n 



J ^n - J{n, V, $) =^ n • j ^{v -D„(x)) dx = 



Note that at the values v : |f | < 1 the inequahty (11) is satisfied. Further we 
consider only the values w > 1, as long as the function $ is even. 
The low estimation for the integral J 

n J{n,v,^) > $(C_ v) 

is evident; we must to obtain the upper bound at the same manner. We have: 



The estimation Ii is: 

7i = $ 1^^; '"^y^^ j dy < 27r$(0.25 v) 

since the function v — > is monotonic and (sin^y/2)/y^ < 1/4. 
Further, 

h < 2 $ (^^) < 

by virtue of condition (11); the replacing 1 — tt in not essential. 
Therefore, 

C-'«||D„||L(*)xmffi + 5(^li^). (13) 

The asymptotically optimal value Vq in the right-side of equality (13) is attained 

at 

where denotes the inverse function to the function $ on the left-part half- 
line. 

We used here the known ([19], chapter 2, section 9; [20], chapter 2) the expression 
for the fundamental function of Orliczs spaces. 
Thus, 

n WlH^i) X . = C,,i n ci>{L{^,),C,Jn). 
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Substituting into the expression for Wn{X,Y), where X — L{^i), Y — I/($2), 
we get to the inequahty (12). 

The general case, if m = 2, 3, 4, . . . may be provided by the choice 

C(x) = pn(x)r; [Dr^i-T e A{mn). 

5. The case of (generalized) Zygmund spaces. Other method. 

We will suppose in this section that the measure in the triple (T, M, fi) is 
atomless and that n > 3. 

Recall that the (generalized) Zygmund space 

X = {Log Lf 

over source triple is defined as an Orliczs space with the Orliczs function of a 
view: 

$(w) = $(g, 7; u) = [log(C(g, 7) + u)]^, 

where C(g, 7) is sufficiently great constant. 

Note that the fundamental functions for these spaces are as n — > 00 : 

(t>{L, {Log L)\Ci/n) ~ C2n-i/''(logn)^/«. 
Let Y be another Zygmunds space: 

Y = Lp {Log L)-", 

where q > p > 1 (the alternative case is trivial). 

Since the function u — >• \u\^ [log(C(g, 7) + u)]^ satisfies the A2 — condition, we 
can use the assertion of theorem 3: 



lim^ 



\\tn\\Lg [Log L\ 
sup - — p— 



> 



Cl{p, q, 7, P) [log a]^/^-^/^'. 



(14) 



The assertion (14) is the inverse inequality. We ground now the direct Nikolskii 
inequality for Zygmund spaces at the same manner as inequality (14), but only in 
the cases 1 < p < q, 7, /3 > 0. 

Theorem 4. Let 

l<p<q, 7 > 0,/3 > 0. 
We assert that for NF functional of considered spaces the following inequality is 



true: 



sup 



\\tn\\Lq [Log L\ 
\tn\\Lp [Log L]- 



< 



12 



(15) 



Proof. Since the cases 7 = or /3 = are simple, we investigate further the 

possibiUty 7 > 0, P > 0. 

It is proved the article [18] that at least for g e UnA{n) and for arbitrary values 

r > q 



\g\\L, [Log L]^ < C 



r — q 



(16a) 



and analogously may be proved the inverse inequality: for arbitrary s e (l,p) 



\g\\Lp[Log L]-''>C 



p — S 



(166) 



We have for the t„ G A{n) combined the definition of Nikolskii class and inequalities 
(16a), (16b): 



\tn\\L, [Log L]"'-<C 



r 



c 



r — q 



r — q 

l/s-l/r . U I < 



\tn\r — 



c 



r — q 



7/r 



■ aV-V-^ .\\tn\\L,[Log Llf" 
C ■ \\tn\\Lp [Log L\-P X Z, 



p — s 



-His 



where 







l/r 




l/r 


r 


S 




r — q 




p — S 



\<s<p<q<r. 



(17) 
fl8) 



Minimizing the variable Z over (s,r) under the restrictions (18) for sufficiently 
greatest values it; cr > 3, we prove the desired inequality of theorem 4. 

More simple, we can choose in order to prove theorem 4 in the expression (17) 
for all sufficiently great values n 



r = Vq ^ q + 



7 



q logo-' 



s = So=p 



P 



p logcr 



6. Lorentz spaces: inverse Nikolskii inequalities and reguletr r.i. 
spaces. 
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We know that the Lorentzs spaces are m.r.i. spaces and, fol- 

lowing, they satisfy the conclusion of theorem 1. We intend to construct in this sec- 
tion some examples of low bounds in the Nikol'skii inequalities for Lorentz's spaces. 

We consider here as before only the one-dimensional trigonometrical case T = R 
and consider some Lorentz's spaces over R, A(0j), i = 1,2, 5 > 0, where 
(p, (pi — </>i(5)) are continuous (quasi-) concave non-negative strictly increasing func- 
tions, 0i(O+) = 0i(O) = 0. 

Denote by G{X) the following function of distribution: 



G(A) 



m 



, A e (0,1/4). 



It is obvious that G{-) is continuous, strictly decreasing, (7(1/4 — 0) = 0, G(O-I-) 
oo, 5 G (0,1/8) G{5) X C5-^'^. 

Let us introduce the following conditions on the functions : 0(-) G Q iff 



Ve > ^ [^'^ Me GiX)) dX < MC e)). 
Jo 

Note that the converse inequality to the inequality (19): 

"1/4 



(19) 



Ve > ^ / Me GiX)) dX > MC e)) 
Jo 



is always true. 
Theorem 5. 



A. If 01 e Q, 4>2 ^ Q then 3Ki, K2, = const G (0, 00), such that 

lim„_.ooW^„(A(0i),A(02),i^i,i^2) =i^3 > 0. (20) 

B. If G Q and r.i. space X over R is arbitrary G(V') space or is the Orhcz's space 
L($), where the Orhcz's function $ satisfies the condition (11), then 3X1,^2 = 
const G (0, 00) =^ 

\jmn^ooWniA{<P), X,K^,K,) =Ks>0. (21) 

Proof. 1. We consider as before the function Dn{x). Let us estimate the distri- 
bution function for Dn- We get for the values AG (0, 1/4) : 

m{x : Dn{x) > X} = /(-D„(x) > X) dx ^ 

J R 

where / denotes the indicator function. 
It is easy to estimate 
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L ^ {^^^-^ >X^ dy^m{y: y-' sin^(y/2) > A} x 
G{X), A e (0,1/4). Hence 

m{x : Dn{x) > A} x Cn'^ G'(A), A G (0, 1/4) 

and 

m{x : Dn{x) > A} = 

in other case. 

2. We estimate now the Lorentz norm of a function D„. We have based on the 
definition of the norm in the Lorentz space: 



roo 

\Dr,\\A{(f>) = / (f>{m{x : D„(x) > A}) dX 
Jo 







0(CA/n) dX. 



The last integral is equivalent, by virtue of condition (19) to (f){C/n). 

3. Let now (pi E Q and (f)2 E Q. We conclude repeating the consideration of 
section 4 for sufficiently great values n and taking into account that the function 
4>{-) is the fundamental function for A(0) space: W„(A(0i), A(02), -f^i, -^^2) > 

||A.||A(0i) . ||AJ|A(02) ^ 



MKi/n) ■ MK2/n) 

J,^MGiX)/n) dX _ J,°°MGiX)/n) dX 
MKi/n) ■ MK2/n) 



> C (22) 



Therefore 



lim„^^W^„(A(0),X,Ki,ir2) >0. 
4. The last assertion of theorem 5 provided analogously. 

Concluding renicirk. The r.i. space {X, || • ||X is said to be regular r.i. space, 

if 

3C G (0,00) ^ X 0(X,C/n). (23) 

For example, G{il)) spaces, Zygmund, Lorentz spaces are regular r.i. spaces. 
We can generalize for two regular r.i. spaces X, Y over R and A{n) = collection 
of exponential type < n there exist a pair of non-trivial constants Ki, K2 such that 

ljmn-.ooWn{X,Y,Ki,K2)>0. 
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